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WELLPOSEDNESS FOR DENSITY-DEPENDENT INCOMPRESSIBLE VISCOUS 

FLUIDS ON THE TORUS 

EUGENIE POULON 


Abstract. We investigate the local wellposedness of incompressible inhomogeneous Navier-Stokes 
equations on the Toms T®, with initial data in the critical Besov spaces. Under some smallness 
assumption on the velocity in the critical space the global-in-time existence of the solution 

3 

is proved. The initial density is required to belong to but not supposed to be small. 


1. Introduction and mains statements 


Incompressible flows are often modeled by the incompressible homogeneous Navier-Stokes system 


e.g the density of the fluid 

is supposed to be a constant 



( dtv + V ■ Vv — Av 

= — Vp 

(1) 

< divu 

= 0 


i Vlt=0 

= Vo- 


However, this model is sometimes far away from the physical situation. Concerning models of blood 
and rivers, even if the fluid is incompressible, its density can not be considered constant, owing to the 
complexity of the structure of the flow. As a result, a model which takes into account such constraints, 
has to be considered. That is the so-called Inhomogeneous Navier-Stokes system, given by 

dtp + div(/?n) = 0 

. . clt(/9rt)-|-div(/9rt 0 rt) — Art-|-Vn = 0 

divu = 0 

{P:U)\t=0 = {po,uq). 


which is equivalent to the system below, by vertue of the transport equation 

dtp + u- V/9 = 0 

, . p{dtu + u ■ Vu) — Au + Vn = 0 

^ ^ divu = 0 

{p,u)\t=o = {po,uo), 

where p = p{t, x) G IR^ stands for the density and u = tt(t, x) G for the velocity field. The term 
vn (namely the gradient of the pressure) may be seen as the Lagrangian multiplier associated with 
the constraint divtt = 0. The initial data (po,Uo) are prescribed. Notice, we choose the viscosity of 
the fluid equal to 1, in a sake of simplicity. 


Let us recall some well-known results about the two above systems (homogeneous versus inhomo¬ 
geneous). In the homogeneous case, the celebrated theorem of J. Leray |15| proves the global existence 
of weak solutions with finite energy in any space dimension. The uniqueness is garanteed in dimension 
2, whereas in dimension 3, this is still an open question. In deal with this issue, H. Fujita and T. Kato 
m built some global strong solutions in the context of scaling invariance spaces, namely spaces which 
have the same scaling as the system ©• Such spaces are said to be critical, in the sense that their 
norm is invariant for any A > 0 under the transformation 

uo(x) !-)■ Auo(Ax) and v{t,x) Xv{X‘^t, Xx). 
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The point is that such solutions are unique in this framework. In the inhomogeneous case, Leray’s 
approach is still relevant for the system ([2]). Indeed, if the initial density po is non negative and 
belongs to L°° and if y/poUQ belongs to L?, then there exists some global weak solutions (p, u) with 
finite energy. However, the question of uniqueness has not been solved, even in dimension 2. We refer 
the reader to the paper of A. Kazhikhov |12| . J. Simon |18) for the existence of global weak solutions. 
The unique resolvability of ([2|) is first established by the works of O. Ladyzenskaja and V. Solonnikov 
m in the case of a bounded domain H with homogeneous Dirichlet condition for the velocity u. As 
one has already mentionned previously, the approach initiated by H. Fujita and T. Kato is particulary 
efficient in the scaling invariance framework to face the uniqueness problem. A natural question is 
to wonder if such an approach is relevant for incompressible inhomogeneous fluids. If one believes so, 
scaling considerations should help us to find an adaptated functional framework. Firstly, one can check 
that ([3l) is invariant under the scaling transformation (for any A > 0) 

{po,uo){x) !-)• {po, Xuo){Xx) and {p,u,H){t,x) e-)- {p, Xu, n)(A^t, Ax). 

.3 .1 

That is an easy exercice to check that .B2^]^(1R^) x ij 2 ^^(lR^) is scaling invariant under this transforma¬ 
tion, in dimension 3, e.g 


||po(Ax)|| 3 


3 and ||Auo(Ax)|| . 1 =||uo||.i • 


4^1 (R3) 


Secondly, as the system ([3]) degenerates if p vanishes or becomes unbounded, we further assume that 
the density is away from zero {p^^ € L°°). Denoting 

1 def , 1 def 

— = 1 -|- Oo and — = 1 -|- a, 

PO P 


the incompressible inhomogeneous Navier-Stokes system ([3]) can be rewritten as 


dta + u- Va = 0 

, . dtu + u ■ Vu -|- (1 -|- a) (Vn — Ari) = 0 

^ ' '' divu = 0 

(o,'u)|j_0 (®Oj^o)) 

The question of unique solvability of the above system Q has been adressed by many authors. Let us 
highlight the work of R. Danchin |^, who studied the unique solvability of (j4]) with constant viscosity 
coefficient and in scaling invariant (e.g critical) Besov spaces in the whole space IR^. This generalized 
the celebrated results by H. Fujita and T. Kato, devoted to the classical homogeneous Navier-Stokes 
system ©■ Indeed, R. Danchin proved in [6] (under the assumption the density is close to a constant) 
a local well-posedness for large initial velocity and a global well-posedness for initial velocity small 
with respect to the viscosity. More precisely, he proved that if the initial data (ao,uo) belongs to 

^2oo^^) 'A X B 21 (IR'^), with oq small enough in B2oo0^^) nL°°(IR'^), then the system 

Q has a unique local-in-time solution. In addition, assuming the velocity uq is also small enough in 
• ——1 

the space B 21 (IR'^), the solution is global. 


Our main motivation in this paper is to investigate the local and global wellposedness of the incom¬ 
pressible inhomogeneous Navier-Stokes system, in the case of critical Besov spaces and on the torus T^. 
The aim is to get rid of the smallness condition on the density, and just keeping the smallness one on 
the initial velocity. We point out that such a result has been already proved in the whole space IR^. 
We refer the reader to the paper |4] of H. Abidi, G. Gui and P. Zhang. The main difference between 
their work and ours is that, on the torus, we have to be careful, owing to the average of the velocity u, 
which is not preserved, contrary to the case of classical Navier-Stokes system ©■ As a consequence, 
a lot of "classical results" such as Gagliardo-Niremberg inequalities and Sobolev embeddings, have to 
take into account the average of the velocity u. We will collect them in section 2. Let us give some 
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remarks about this. 

Notation In the sequel, we shall denote by 


_ def 
m = 


/ m{x)dx, where |T^| = 1. 


Remark 1.1. It is dear that p = pQ. Indeed, an integration on the mass conservation equation 

combining with the fact / n- V/9 = 0 gives 

Jt3 

/ p{t,x)dx = / po{x)dx. 

JT3 JT3 

Notice that by vertue of the divergence free condition on the velocity u, the average of any function 
of p is preserved. In particular, the average of a is conserved. 


Remark 1.2. An integration on the momentum equation of the system ^ (the terms / div(/9 

dT3 




/ Am and / VIl are nul) implies 
/t3 Jt3 


/ {pu){t,x)dx= / poUo{x)dx. 
Jt3 


Remark 1.3. Notice that p — p is also solution of the transport equation. Thus, if we take the 
inner produet of this mass conservation equation with p — p itself, we get the energy conservation of 
the quantity ||/0 —p||i:, 2 , because of divergenee-free condition of u. Therefore we have : 

\\p-p\\l^ = Wpo- PoWl^- 

In this paper, our main Theorem can be stated as follows 


1 


■ uo{x) dx = 0. 


Theorem 1.1 (Main theorem). Let oq S Bfi, uq € Bfi, such that 

(5) div Mo = 0 ; 1 + qq ^ b for some positive constant b and / 

Jf3 1 + ao(a;) 

Then there exists a positive time T* such that the system ([dp has a unique local-in-time solution : for 
any T < T*, 

(a,M,n) e C{[0,T],bI,) X C{[0,T],Bl,) n L\[0,T],bI,)x L\[0,T],Bl,y 

In addition, there exists a constant c (depending on ||ao|| s ) such that 

^2,1 

if IImoII 1 ^ c, then T* = +oo. 

^2,1 

Our main Theorem 11.11 relies on two Theorems, given below. Indeed, we will face the question of local 
wellposedness and global wellposedness in a different way. The first one deals with the local wellposed 
issue: until a small time, we may control the velocity u in some functional Besov spaces, by the initial 
data mq. It can stated as follows 

3 1 

Theorem 1.2 (Local-wellposedness theorem). Let oq G Bf.^, mq G i’ that 

(6) div Mq = 0 ; 1 + oq ^ 6 for some positive constant b. 

Then there exists a positive time T* such that the system ^ has a unique local-in-time solution : for 
any T < T*, 

(a,M,n) G C([0 ,T],r|i) X C{[0,T],Bl,) 0 L\[0,T], Bl,) x L\[0,T], Bl,)- 
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In addition, there exists a small constant c depending on 11 oq 11 3 such that if 

B? 


2,1 


IkolL 1 ^C, 

therefore, T* ^ 1 and one has for any T < 


(7) 

( 8 ) 


Density estimate: ||o|| 3 ^ ||ao|| 3 exp(C'||n|| 5 ). 


Velocity estimate: ||n| 


1 + \\u\\ 


+ livnii 


^Cllnoll. 




^t'(^2,i) ^t(®2,i) ^2,1 

Remark 1.4. The difficulty, as mentionned previously, is that the density a is not supposed to he 
small. To overcome this issue, we split the density 1 + a into 

1 + a = {1 + SmO,) + {a — SmCi), where 5^0*=^ A^a. 

j^ra—1 

The first part is then regular enough, the second part can he made small enough, for some large enough 
integer m: we fix m in the sequel such that llo — SmO-\\ 3 ^ c. 

The local wellposedness Theorem 11.21 is an immediate consequence of Lemma below, which will be 
useful in the sequel. 

Lemma 1.3. Let T > 0 he a fixed finite time. For any t S [0, T], the velocity estimate is given by 


(9) ||n| 


where 




1 + n 


^'^( 62 ^ 1 ) 


+ livn| 




LliBlfi 

8m I 


+ [\\\vuit')h^ + wit’))\\uit')\\ 1 dt', 

®2i h 


W{r) = 2 ^^ ||a||2c»(ioc) + 2’ 




(1 + 


rt 




+ ki 




)• 


Two above results will provide us the local and uniqueness existence of a solution (a, u). Concerning 
the global aspect to this solution, we shall use an energy method, which can be achieved by vertue of 
Theorem 11.41 below. 


Theorem 1.4 (Global wellposedness Theorem). Given the initial data (pq,uq) and two positive con¬ 
stants m and M such that 

(10) uq G R^(T^), 0 < m ^ Po{x) ^ and / PoUo = 0. 

Jt3 

There exists a constant £q > 0 (depending on m and M) such that if uq satisfies the smallness 
condition ||uo||j|f 2 ^ Eq then, the system 0 has a (unique) global solution (p,u) which satisfies for any 
{t, x) G [0, +oo[xT^ 

0 < m ^ p{t, x) ^ M, 

Bo{t) ^ \\y/p0UQ\\\2, 

Ri(t) ^C'||Vno||i2, 

B2{t) ^ C (^1 + ||'Uo|llf2) ||no 

where BQ{t), Bi{t) and B 2 {f) are defined by 

(12) 50(7")=^ sup \\yffiu{t)\\l 2 

iG[0,T] 

(13) B,{T)'M sup ||Vn(t)||i 2 + r(||V^9iu(t)||i2 + ||Vn(t)||i 2 )dt r||VMi)lli 2 dL 

te[o,r] Jo ^ ° Jo 


%2 exp (lluollia + llVuollia) 

+ / f \Vu{t,x)\‘^ dx dt. 
Jo Jt^ 
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B^iT) 


(14) 


sup 

te[o,r] 


2 "^“ 


m 


+ wvumi, + - wdtumh 


+ 


-t 

4 70 


\\S/dtu{t)\\\2 dt + 


-t 

2 7o 


iV^u 


i 


ledt + / \\V^U{t)\\le dt. 


Remark 1.5. We shall prove the existence and global part by an energy method. We underline the 
very weak assumption (bounded from above and below) on the density we need. We refer the reader to 
m for the uniqueness proof. 


Guideline of the proof and organisation of the paper. 

Firstly, we prove the local existence and uniqueness of a solution, under hypothesis of Theorem 11.21 
Then, we underlinde that, provided ||uo|| 1 is small enough, the lifespan T*(uq) of the local solution 

^2,1 

associated with this data should be greater than 1. This is due to scaling argument. In addition, 
velocity estimate Q implies 

(15) 3tie[0,1[ such that u{ti) G and ||M(ti)||j |^2 ^ C ||uo|| 1 ■ 

^2.1 

This stems from an interpolation argument, provided T*(uo) > 1. Indeed, assume we have proved 
there exists an unique solution u such that 

u e L-([o,r],R|i) nLi([o,T],R|o, 

and thus, u belongs to Ts ([0, T], R^), which provide the existence of the small time ti, such that (|15p 
is satisfied. 

From this point, the strategy to deal with the global property of our system takes another direction 
than the strategy setting up in [4]. Indeed, we shall prove that, considering u{ti) as an initial data 
in H^, which is small enough (since ||uo|| 1 is supposed to be so) and thanks to Theorem 11.41 below. 

^2,1 

there exists a global solution (the uniqueness is non necessary for what we need in the sequel). 

Then, it remains to be seen that such a solution has the relevant regularity, namely the regularity 
demanding by Theorem 11.21 In others words, it is crucial to prove the propagation of the regularity 
of the density function a, from which we infer the regularity of the velocity, thanks to Lemma [1.31 To 
sum up, we will prove the existence of a global solution with the relevant regularity : this proves the 
uniqueness of such a solution. 

The paper is structured as follows. In Section 2, we collect some basic facts on Littlewood Paley theory, 
Besov spaces and we will give the classical inequalities (well-known in the whole space H^), in the case 
of the torus T^. In addition, we will stress on the important role of the average u. 

Section 3 is devoted to the proof of the main Theorem 11.11 Section 4 deals with the local wellposedness 
issue of the main theorem : we will prove Theorem 11.21 Section 5 provides the global wellposedness 
aspect of the main theorem, which will stem from the proof of Theorem 11.41 Let us mention we 
will only give in both two cases the a priori estimates. It means we skip the standard procedure of 
Friedrich’s regularization. The point is that we deal with uniform estimates, in which we use a standard 
compactness argument. 


2. Tool box concerning estimates on the Torus 

Proposition 2.1. (Poincare-Wirtinger inequality) 

Let u be in i7^(T^) and mean free. Then we have : 

II^IIl2(T3) ^ ||Vu||x,2(t3). 

In particular, the H^{T^) and H^{T^)-norms are equivalent, when u is mean free. 


An obvious consequence of the Poincare-Wirtinger inequality is the corollary below. 
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Corollary 2.2. Let u be in Then we have : 

\\u - u\\l 2 {T 3 ) ^ l|Vu||i 2 (T 3 ). 


Proposition 2.3. (Gagliardo-Niremberg inequality) 


\u\\lv ^ ||n| 


3 _ 1 

P 2 

Il2 


lIVnii 


3 _ 3 

2 p 

L2 ) 


with 2 ^ p ^ 6. 


3_i 3_3 

I P 2 ||Y 7 ,,|| 2 p 


In the whole space IFC’ : 

On the torus : ||u — u\\lp ^ ll^^ll j ^2 ^ 11^^11x2 ^ j with 2 ^ p ^ 6. 

In particular, for p = 6, we find the Sobolev embeddings on the torus : 

\\u-u\\l6(j3) ^ C ||V'u||i2(T3) instead of ||u||^6(]r3) ^ C” ||Vw||^2(h3). 

The following Lemma is fundamental in this paper. It highlights the crucial role playing by the average 
of the velocity. Because the framework of our work is the torus, we will need several times in the next, 
to have an estimate on the average. Actually, it provides a general method to compute the average of 
a quantity we are intesresting in. We will call it the average method in the sequel. 

Lemma 2.4. Assuming that |T^| = 1 and / po^o = 0, we have : 

Jt3 

|s(«)i<hiz^iiv„(«)iij,. 

Proof. Let us consider the integral below and developp it 

/ {p — p){t,x){u — u){t,x) dx = / p{t,x) u{t,x) — 2p{t) u{t) + p{t) u{t). 

Thanks to (|l.ll) and (|1.2p . we have 

u{t) ={p-p){t,x){u-u){t,x)dx 

pit) Jt^ 


(16) 


= -^[ ip-p)it,x){u-u){t) 

Po Jt^ 

uit)\ ^ ll(p - p)(i)lli,2 ||(u - u)it)\\L2. 


Applying (11.31) . we have 

(17) 

Thanks to Poincare-Wirtinger, we get : 

(18) 


«(t)l ^ 11/^0 - poIIl2 IK';^ - u)it)\\L^- 


11^0 poIIl 2 ||vn(^)||^,. 


Proposition 2.5. Assuming that = 1 and [ po uq = 0, therefore 

Jts 

Proof. 

Mmle ^ Win - u)it)\\le + 

(19) ^ C ||Vu(t)||i2 + l|Vu(t)||i2 


□ 


w(i)llL6 ^ Cipo) ||Vu(t)||i2. 


Po^ 


^C'(po)||Vu(t)||i2. 


□ 
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Proposition 2.6. //|T^| = 1 and / pqUq = 0, 

Jt3 


then 


u{t)\\L3 ^ C{po) ||Vn(t)||i, 2 . 


Proof. Arguments are similar as before. We introduce the average of u and we apply succesively 
Gagliardo-Niremberg and Poincare-Wirtinger inequalities 


u{t)\\L3 ^ ||('U-'u)(t)||i3 + |u(t)| 

^ Wiu - u){t)\\l 2 \\V{u-u){t)\\l 2 + |M(t)| 

^ l|Vu(t)||22 \\Vu{t)\\l2 + \u{t)\ 

^ l|V«(t)||L2 + \u{t)\- 


Concerning the term |tt(t)|, same computations as in Lemma [2.41 yield 


( 21 ) 


u{t)\\L3 ^ \\Vu{t)\\L 2 + 1 ^ ||PO-Po||l2 Wiu - u){t)\\L 2 
^C{po)\\Vuit)h2. 


□ 


3. Proof of the main Theorem 


Assuming we have proved Theorems 11.21 and 11.41 we can prove the main Theorem. Firstly, notice that 
Theorem 11.21 implies 


( 22 ) 


G [0,r], ri(ti) G n and ||ri(ti)||j :^2 ^ H-uoH i. 

’ ^2 1 


Moreover, we have a fundamental information on a{ti) : 

(23) a{ti) e 

Let us underline that we have, by vertue of Remark 11.21 

f 1 r I 


(24) 


/tts 1 + a{ti) 


u{ti) = 


Ij3 1 + ao 


Mo = 0. 


As a consequence. Theorem 11.41 implies there exists a global solution (p, w) of the system ([2]) associated 
with data 


, s def / 1 

[p,w)t=o = [ , ' , 

VI + a[ti) 


u 


First of all, we adopt the classical point of view : from the solution {p,w) of the system ([2]), we define 
the solution {aw,w) of the system ([4]), given by 

def 1 

p = 


1 T 

Therefore, it follows that the solution [a^jw) is associated with the data (a(ti), u(ti)), which belongs 
to n X 

The goal is to prove the uniqueness of such a solution, which will come from the following regularity 


VT^O, (a^,M;) GC([0,r],R|i) x c([o,r],R|,) n Li([0,r],B|i). 


Proving such a regularity on the density function and the velocity field provides us the uniqueness by 
vertue of local wellposedness Theorem 11.21 The point is the propagation of the regularity of ■ 
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3.1. Propagation of the regularity of the density. 


Proposition 3.1. Let T > 0 be a time fixed. Then, Vt G [0,T], a^jit) G Bi^i- 

Proof. Applying the frequencies localization operator Aq on the transport equation, we get 

(25) dtAqOyj A W' V AqOyj — 

Taking the L^-inner product with A^a, the divergence-free condition implies that 


(26) 


l_d 

2 dt 


I AqQjyij 11^2 ^ II AgrU^uj II II [A(ji, lU* V] Oyi) 11 * 


By vertue of Gronwall’s Lemma l6.ll igiven in the appendix), we infer that 
(27) 


2^ \\Aqaw{t)\\L2 \\Aqa{ti)\\L2+2 2 I || [Ag, tc-V] a^||x,2 dt'. 

Jo 

Therefore, by some classical estimate of the commutator (see Lemma 2.100 in [5]), we get 

(28) ||a^(t)|| 3 ^ ||a(ti)|| 3 +C j (||a^(t')|| 3 ||Vu;(t')||Loc||Va^(t')||i3 ||Vu;(t')|| 1 )dt'. 

^2,1 ® 2,1 Jo ® 2,1 ^ 6,1 

3 

From the following embedding Bf which holds in dimension 3, Gronwall Lemma yields 

(29) ||a^(t)|| 3 ^ ||a(ti)|| 3 exp (C / (||Vu;(t')||L-+ ||Vu;(t')|| 1 ))dt'. 

^2,1 ^2,1 -^0 ^6,1 

It remains to be checked that / ||Vr(;(t')||Loodt'and / ||Vt(;(t')|| 1 dt'exist for any time. This stems 

do Jo 

from energy method applying on w, thanks to Theorem 11.41 Concerning the term / \\\7w{t')\\Lxdt', 

Jo 

an interpolation argument gives rise to 

(30) 


r ||Vu;(t')||Loodt' < r ||Vu;(t')|||2 \\VMt')\\l,dt' 
0 do 




l|V2u;(t')||i6dt', 


10 ^ JO 

and thanks to Holder’s inequality, we get 

(31) ||Vu;(t')|U^ ^ Ct^ (l|Vu;(t')||^2(^2) + ||V2u;(t')||^2(^6)). 

By vertue of Theorem 11.41 ||Vt(;||£^ 2 (j;^ 2 ) ^ C ||n(ti)||j ;^2 and || V^u;||^ 2 (-£^ 6 ) ^ (7 ||u(ti)||j:g 2 , therefore, 

(32) f \\Vw{t')\\L<=odt' ^ Ct^ ||u(ti)||j:^ 2 . 

Jo 

Concerning the term / ||Vr(;(t')|| 1 dt', arguments are similar to the others ones and lead us to 
do 

||Vu;(t')|| 1 dt'^ /V(Oll|-i \\Ht')\\l2 dt' 

Sg^l do ■'^6,00 "6,00 


(33) 




'«;(t')||^-i dt'-h - / ||u;(t')||B2 dt'. 


6,00 


Notice we have the following embeddings 


(34) 


L ^ B.^ and L® 


B, 


6,00 ? 
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from which we infer that (thanks to Thereom II.4p 

riivR^ii 1 f 

Jo -Bp 1 ^ Jo 

(35) 


Bi. < i I' + I l‘ 

^ f II II 1 1 11^2 II 


Choosing t small enough such that t , we get 

||Vr(;(f')|| 1 dt' ^ Ct^ \\u{ti)\\H2. 


/ 




This yields to the desired estimate 

(36) l|at«(i)ll 3 ^ ||a(ti)|| 3 exp (Cfa ||tt(ti)||^ 2 ). 

B 21 

This concludes the proof on the propagation of the regularity on the density function. 


3.2. Regularity of the velocity field. Holding the regularity on the density, we are allowed to apply 
Lemma 11.31 which gives rise to the following estimate, available, for any t G [0,T], where T is a fixed 
hnite time. 

(37) 


llrcll 1 +||rc|| 5 +||Vn 

where 


W{t') = 2“”" ||a^||^c»(^oo) 

We deduce from this estimate, by Gronwall Lemma, 


1 ^C||u(ti)|| 1 +C- [ (||Vn;(0l|L-+ll^(0)ll«^(0ll 1 < 

^2,1 'JO -^2,1 

))■ 


+ 2 ®”* (1 + 


I ml I 1 + r°ofro 

-,oom2 ^ "C' 




(38) 


w 




1 + \\w\\ 


L\(BL) 


5 + iivni 




LliBl,) 


C\\u{ti)\\ 1 exp (||Vw;||^i(ioc) +tW{t)). 

B, 


Concerning the term W{t), on the one hand, by the transport equation, we get immediately 

||®ui(L ■ ) IIl^ = ||q.ui(0, • ) 11^2 , 

which is bounded by ||a^(0)|| 3 , since spaces are inhomogeneous. One the other hand, by an inter- 




polation argument, one has 


w 


1 ^ H bo 
B h -^2.' 


I^IIbl 


^ llm| 


L2 


It follows that, by vertue of Theorem 11.41 


m 


m 


B-i- 


^ ^ 


(39) 

^ \\u{tl)\\l2 {\\u{tl)\\l2 + \\Vu{tl)\\l2). 

It results from these simple computations that the factor W(t) is bounded by 

VtG [0,T], iy(t) <C'||«(tl)||j:,2. 

As it has been already noticed, the term ||Vrc||£,i(^oo) satisfies 


( 40 ) 


[ \\Vw{t')\\L°°dt' ^ CU \\u{ti)\\B^- 

Jo 
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It results from all of this, that for any t G [0, T], we have 
(41) 


w\\ 1 + llw^ll 5 + l|Vn|| 1 ^C'||n(ti)|| 1 exp (Ctz ||rt(ti)|| 1 T 2 ). 


^2,1 


Combining with the estimate on the density function (1361) . we get t G [0,T], for a fixed time T > 0 

(42) ||ai„|| 3 + ||tc|| 1 + ||in|| 5 + ||Vn|| 1 ^C||n(ti)|| 1 exp (C \\u(ti)\\ij2). 

"iriBL) L^iBl,) LjiBl,) LliBl^) ^ ^ 


This ends up the proof of Theorem 11.1 


□ 


4. Proof of the local wellposedness part of the main theorem 

This section is devoted to the proof of Theorem 11.21 We give only the proof of the existence part of the 
theorem, since the uniqueness part has been already proved in [3]. We only mention the start point of 
the uniqueness proof. 

4.1. Existence part. The existence proof can be achieved by a regularization process (e.g Fridriech 
method). The idea is classical : we build smooth approximate solutions, perform uniform estimates 
on them. A compactness argument leads us to the proof of the existence of a solution of HI We skip 
this part and provide some a priori estimates for smooth enough solution (a, n). 


Let us start by proving the estimate ([7]) on the density. Applying the frequencies localization opera¬ 
tor Aq on the transport equation, we get 

dtAqa -|- u- VAqO = — [Ag, u- V] o. 

Taking the L^-inner product with A^a, the divergence-free condition implies that 

2 L 2 = ~ ([^<?) tt- V] O I Aqoj J^2 

^ II Agu|| j^2 II [Ag, u* V] u|| j^2. 

By vertue of Gronwall’s Lemma l6.ll (given in the appendix), we infer that 

3q 3q 3q 

2^ ||Aga||i2 ^ 2^ ||Agao||i,2-h 2^ / || [Ag, tt-V] a||x,2 dt'. 

do 

A classical commutator estimate (see for instance Lemma 2.100 in 0) shows there exists a sequence 
{cq) belonging to ^^(Z) such that 

2 2 II [Aq, u- V] a ||/,2 ^ Cq ||a|| 3 ||m|| 5 , 

^ 2,1 ^ 2,1 

and therefore, 


3 ? 

2 “ 


[ l|[Aq,U-V] a||j ;^2 dt' ^ sup Cq{t) f \\a{t') 

Jo t Jo 


3 


2,1 


By summing on g G Z, we get 




The classical Gronwall’s Lemma yields the proof of ([7|. 


Let us prove estimate dH) on the velocity. Actually, we prove Lemma 11.31 which is a bit more general 
than we want to get. 
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Proof of Lemma \1.3[ 

We may rewrite the system (jH), after decomposing (1 -|- a) into (1 + Smo) + {a — Smo)- 
(43) dtu + u ■ Vu — (1 + Sma) Au + (1 + S'mo) VII = (a — Smo){Au — VII) 

Notice that (1 + Smo) VII = V((l + Smd) II) — 11 , which implies 

dtu + u ■ Vtt — (1 + SmCt) Au + V((I + Sma) II) = (a — Sma){Au — VII) -|- II VS'mO- 


def 

Let us introduce the notation = (a — 5ma)(Ari — VII). We reduce the problem to the system 
below 


(44) 


dtu + u-Vu - {I + Sma) Au+ ^[{1 + Sma)U) = Em + nVS'ma. 
< div u =0 

{a,u)it=o = {ao,uo), 


Step 1: Frequency localization. 

Applying the operator Aq in (j44]), we localize the velocity in a ring, with a size 2^, and we get 
(9tAgrt + Aq(tt-Vrt) -Aq((l + S'mo) Au) +Aq(V((l + S'ma)n)) = AgEm + Aq(n VS'mO). 


By definition of the commutator Ag(u-Vu) = u-VAgU + [Ag,u-V] u, this gives 

dtAgU + u- VAgU - Ag((l + Sma) Au) + Ag(V((l + S'mo) II)) = — [Ag,u- V] u + AgEm 

+ Ag(n VSmO). 

In particular, a simple computation gives 

-Ag((l -I- Sma) Au) = - div((l + Sma) AgVu) - div([Ag, Smo] Vu) + Ag(V5ma Vu). 

As a consequence, we get 

dtAgU + u- VAgU - div(^(I + Sma) AgVu + Aq(v[{l + Sma) II)^ = - [Ag,u- V] u + AgEm 
+ Ag(n VS'mo) + div([Ag, Smo] Vu) - Ag(V5maVu). 


Let us take the inner product with AgU in the above equation (|45p . Because of the divergence free 
condition, we have 

(u-VAgu| Agu )^2 = 0 and (Ag(V((l + S'mo) II)) | Agu )^2 = 0. 

As a result, 

1 d C 

- —IIAgullls + y 3(1 + lAgVupdx ^ ||Agu||i2 (^\\ [Ag,u-V] u||x,2 + ||AgEm||i,2 + ||Ag(nVS'ma)||i2 

+ 2 '^ II [Ag,S'ma] Vu||i2 + ||Ag(V5ma Vu)||i2^ 

Let us point that I + S'mo = 1 + o + Sma — a. As we assume that S'mo — o is small enough in norm 
3 

it follows that 

1 4“ Sma ^ , 

which along with Lemma [6.31 ensures that 

^^||Agu|||2 + ^ 2^'? IIAgullla ^ ||Agu||i2 (^W [Ag,u-V]u||i2 + ||AgEm||L2 + ||Ag(nVSma)||i2 

+ 2^ II [Ag,5mo] Vu||i2 + ||Ag(VSmO Vu)||/,2y 
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Applying a Gronwall’s argument, we get 

^ + — 2^”^ II Aqtt||j ;^2 ^ II [Aq, tt- V] u||i 2 + || Ag£'m||L 2 + II Aq,(n VS'ma )||^2 

+ 2'^ II [Aq,Sma] Vu\\l2 + ||Ag(V5mO V'u)||i2. 

An integration in time yields 

22 ||Aqu ||^2 + (762^ f II Aqrt|| 2,2 dt'^ 22 ||Agrio 11/^2 + f 22 || [Ag, n-V] tt||^ 2 dt' 

Jo Jo 

+ / 22 ||A(jil/; 


+ 


/ 22 IIAgii'm,||L2(it^ + / 22 IIAg(n VS'mCi) 11^2 
do do 

[ 2^ \\[Ag,Sma]Vu\\L 2 dt' + f 22 ||Ag(VS'maVir) ||i 2 dt'. 

do do 


Taking the supremium in time and then summing on g G Z provides us the norm ||u|| i and thus 


lull 1 T (75||u|| 5 ^ l|i^oll 1 T ll-^mll 1 l|nV#S77iU|| i 

+ ^ 22 II [Ag, U- V] u||j;^l(g;^2) 


(46) 


Step 2: Estimate of each term in the right-hand-side of the above inequality. 


+ ^ 2 2 II [Ag, Smo] Vu||£i(£,2) + ||V5ma Vu|| 1 . 




* Estimate of ||-Bm 
Product laws in Besov spaces (cf Lemma 16.21 in Appendix) yield 
lI.E'mIl 1 ^ <7 ||a — 5ma|| s ||Au —VII 

(47) 


LliBl,) 


^ (7 ||a — 5ma|| 3 ||Vn|| i + ||u|| s 

L-(S|i) V LliBl^) 

* Estimate of ||n V5mo|| i • 

L]iBl,) 

Concerning the pressure term, as it is defined up to a constant, we can assume it is mean free. Same 
remark holds for the term HVS’^allsi 2 , since obviously the term is mean free. In this way, 

the norms ||- II' equivalent. By vertue of paradifferential calculus in inhomogeneous 

Besov norm, we get 

(48) 

which leads to 


InViSmUll 1 ^<71111 IliJl 2 II VS'mUlliJl 2 

^ 2,1 

^ (7||n llgi^ liVS'mallRi 


\Bl 


= C ||vn 11^2 ||VS'ma||j^i, 


||nV5ma|| 1 ^ (7||Vn ||l 1 (l 2 ) IIV5ma||g^^^^ij. 

-k Estimate of ||VS'maVu|| 1 . Above arguments still provide 

Bt (^ 2 , 1 ) 


WELLPOSEDNESS FOR DENSITY-DEPENDENT INCOMPRESSIBLE VISCOUS FLUIDS ON THE TORUS 13 


Therefore, we deduce that 


||V5ma Vu|| 1 ^ C 

-k Estimate of 2^ || [Ag, u- V] 1111^1(^2). By vertue of commutator estimate, we infer that 


[A„, tt-V] u||i2 ^ C 2 2 ||Vtt|| 3 ||rt|| i . 


^2,1 


^2,1 


Therefore, we deduce that 


^22 II [Ag,u-V]u||ii(i2) ^ C [ ||Vu(t')||L-lk(i')IL i dt'- 

q&Z do ^ 2,1 


* Estimate of 2 2 || [Ag, Smo] Vu||j;^i(^ 2 ). We can prove the estimate below (see Lemma [6.3p 
q& 

(50) ^ 2“ II [Ag, S'ma] Vu||^i(^2) ^ (7 2™ ||a||ioo(^oo) ||m|| 3 + 2^”^ ||a||2,5x.(j^2) ||n|| 

(^2,1/ 


vn|| 1 + ||tt|| 5 


Plugging all the above estimates in ()^6l) . we finally get 


|u|| 1 + Cb ||rt|| 5 ^ 


(51) 


1 T ||u ^m^ll ^ 

+ [ lk(^0ll ^ dt' + 2"* ||a||j;^^(-^oo) 




m 3 
LjiBl,) 


+ 2 


2m+l 


|o||l,-(L2) (||'«|li,l(ij2) + ||Vn||^l(^2)^, 


where we have used 


II— ||V IIlJt^(1/2) 


< 2^"* lla 


|Z/-(L2)- 


Step 3: Estimate of ||Vn|| 1 . 

l\{bI^) 

We take the divergence operator in ()43l) and thus 


div((l + 5 ma)Vn) = — div{u- Vrt) + Au- VSmO, + div^( 5 ma — a)(Vn — Au)^. 
Applying the operator Ag and taking the inner product with Agll yield 

(Ag(^(l + S'ma)Vn^|Agn)g.2 = (Ag(u-Vu)|AgVn)^2 + VS'ma)|Agn)^2 

+ {Aq[{Sma - a)Vn)|AgVn)^2 - {Aq{{Sma - a)Att)|AgVn)^2- 

In particular, the left-hand-side can be rewritten and bounded from below as follows 

(Ag((i + s^a)vn)|AgVn )^2 = (AgVn|AgVn )^2 + ([Ag,s^a] vn|AgVn )^2 

-h (S'mo AgVn|AgVn)^2 

= ((1 -i- Smo.) AgVn| AgVn )^2 + ([Aq, Smo] vn|AgVn )^2 

^ 6||AgVn||^2 + ([Ag,S'ma] vn|AgVn)j^2- 

It follows 

6||AgVn||^2 ^ ||AgVn||£,2(^||Ag(tt-Vtt)||i2 -F ||Ag((S'ma - a)vn)||i2 

-h ||Ag(( 5 ma - a)Au)\\ l2 + || [Ag, Sma] Vn||i2^ 

-h ||Agn||i2 ||Ag(An-VS'ma)||i2. 


( 52 ) 
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In particular, Lemma 16.31 provides the inequality below 

< 2“'' ||AqVn||2,2, 


which gives rise to 

6||AqVn||i2 ^ ||Ag(u-Vu)||i2 + \\Aq[{Sma - a)VU)\\L2 + ||Ag((5ma - a)Air) ||^2 

+ II [Agj'S’m.ffl] Vn||£,2 +2 ||Aq(Att-VS'm®) ||l2. 

q 

Multiplying by 25 and summing on o' G Z, we have 


(53) 


5 ||vn|| 


< 


^2,1 


|u-Vu|| 1 + IKSmO - a)vn|| 1 + IKS'ma - a)Att|| i 


B ^ 
^2,1 


R 2 
^2,1 


R 2 
^2,1 


+ 11 Art- VS'mftll _1 + 22 II [Aq, SmO] vn||j;^ 2 . 

^2.1 


Notice that 


||Arf V5mo|| ^_i ^ C ||VS'mo||^i ||Art||i2. 


B. 


2,1 


On the one hand, product laws in Besov spaces (cf Lemma 16.21) give 

||u-Vtt|| 1 ^ ||rt|| 1 ||Vrt||L°o • 
-^2,1 


2,1 


IKS'^a - a)AM|| 1 ^ (7 IKS'ma - a)|| s ||Art|| i. 

R 2 R 2 R 2 

^2,1 ^2,1 ^2,1 

||(5^a-a)Vn|| 1 ^C'||(,7^a-a)|| 3 ||Vn|| 1 . 


^2,1 




On the other hand, a classical commutator estimate yields 

^22II [Ag,5ma] Vn||2,2 ^ (7 llVSmall^i ||Vn||i2. 

q&, 

As a result, previous estimates imply 
(54) 


6 ||vn| 


•wdK ~ l|V'u(t')lli°° dt' + \\{Sma - a) 

4(^2 1 ) Jo ^2 1 


I 3 ||Au|| 


LliBl,) 


+ 11(5^0 l|V‘S'mO||^co(^l) (||Vn||^l(^2) + ||Au||^i(^2)y 

The smallness condition on ||(5mO — a)II 3 allows to write 


-||vn|| 1 < [ 

2 " hiiBi,)-Jo 


“(^Oll i ||V'it(t')||L°° dt'+ ||(5ma-a) 


^ 2,1 


3 rt 


LriBl^) LliBl^) 
+ l|V5ma||^<x.(j^i) (^||Vn||^i(^2) + ||Art||j;^i(^2)^. 


Obviously, ||V5ma||^^^^i^ ^ (72^”* ||a||/,^(/, 2 ). Therefore, 


(55) 


- l|vn 

2 " -L 


f ||Vu(t')||L“4t'+ ||(5„ 

liBli) Jo Bl^ 


a - a 


3 rt 


Lr(Bl^) L\(bI^) 


+ 2 


2 m 


I«IIl?°(l 2) (||vn||£,i(£,2) + Ikllii(ij2)). 


This ends up the estimate on the pressure term in LJ (B 2 ^^)-norm. It is left with estimate the pressure 
term in the L)(L^)-norm, in order to get rid of it in the above estimate, and thus, it is likely to applying 
with success Gronwall Lemma in the estimate of the velocity term. 


WELLPOSEDNESS FOR DENSITY-DEPENDENT INCOMPRESSIBLE VISCOUS FLUIDS ON THE TORUS 15 


Step 4-' Estimate o/||Vn||^i(^ 2 ). 

Once again, we take the divergence in the momentum equation, and the if~^-norm, so that we get 
II div((l -|- S'ma)Vn) II^ II div(u- Vu)||+ || Au- VS'^all pj-i + || div^(S'ma — a)(Vn — || pj-i. 

We recall that the smallness condition implies that (1 + Smo) ^ ^ and thus 

6 ||Vn||i 2 ^ C \\{1 + Sma)VU\\L 2 ^ C'||u-Vu||i 2 + ||Au-V5^a||^_i + ||(S^o - a)(Vn - Aii)||i 2 . 

Thanks to the smallness condition and product law, we have 

b, 


(56) 


|vn||i 2 < ||ri||i3 ||Vtt||i6 + ||Att-V5ma|U-i + IKSmO - a)Aii||x, 2 . 


On the one hand, Gagliardo-Niremberg inequality (notice that average of Vu is nul) yields 

^l|vn||^2 < llullis ||V^M||i2 + ||Att-V 5 ma||^_i + ||a||Loc||Au||^2. 

On the other hand, we prove easily thanks to the divergence free condition that 

IIArt-V5ma||^-i ^ C ||o||loo ||Ait|| 2 , 2 . 

Despite the fact that average of u is not nul, we have ||rt||i 3 ^ C{pq) ||it|| i . Hence, one has 


(57) 


2l|Vn||^i(^2) < +2||a||ioo(^oo))||u||^i(^2). 


Plugging (|57p in the estimate (I55p . we finally get an estimate of the pressure, in which the right-hand 
side is independent of the pressure: we got rid of the term ||Vn|| 2 , 2 . Indeed, ([55]) becomes 


ivnii 


(58) 




^ [ Ikll 1 \\Vu\\l<^ dt'+ \\{Sma - a 
l) Jo ®2.1 

Lr(T2) lkllLi(H2) (l + 11^11^00(^1^) + ll«llLrH°°)) 


3 11 5 

LriBh) 


+ 22”^||a| 


Plugging (I57p in the estimate (1511) . we also get 
(59) 


|ii|| 1 + C b ||n|| 5 ^ 


1 -|- a — Smfl 

^2,1 
ft 


LTiBl^) 


vn|| 1 -i- ||ii|| 5 


+ 


+ 2^ ||a| 


[ ||Vii(OI|L^||n(OII 1 dt' 

•Jo ^2,1 

a||L-(L2) ll^^lll,i(H2)(l + \\u 


t \ / r,lCR2 


LliBil) 


2m+l 


1 + 2 a (j^^(£,oo) I, 


Suuming ([5^ with (|58p and using obvious estimates on the transport equation below 


kllLf=(L°°) ^ ||ao||L°° and ||a||L“(i, 2 ) ^ ||ao||L 2 , 


leads to 
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'LriBii) 


1 +cb\\u\\ 5 +-||vn|| 1 < iinoll 1 


+ ||a —Small 3 (||Vn|| 1 + ||a|| s ) 

LriBl,)^" hUBl^) hUBiy 

rt 


+ 


f ||Va(t')||Loo ||M(t')|| 1 dt' + 2™ ||ao||L°o ||a| 
Jo ^2 1 


LUbIi) 


+ 2 


2 mH-l 


I|ooIIl2 lkllLl(H2) (l + ||u 




+ 2 ||ao||i,°°) • 


+ ||ao||L°°) 


Once again, the smallness condition simplifies the above estimate 




+ C 6 ||n|| 5 +^||vn|| 1 < llnoll 1 +2 f\\uit')\\ J ||n(OII 1 dt' 

l) ^ ^2,1 Jo ^2,1 ^2,1 


(60) 


+ (1+ 2^”*+^ l|ao||L2) lkllLi(ii-2) (l + + I|oo||l°°) 


+ 2'"||a„||i» Hl^, 

Let us recall somme interpolation properties. The following inequalities hold on the torus: 


11111 ^2 ^ C 11111 


3 

lulls 


r2 

^2,1 ■°2,1 


and ||a|| 3 ^ C ||u|| ^ i ||u| 


B4 


B^ R^ 

2 ^2,1 232 1 


They are due the product laws in Besov spaces (cf Lemma [6.21) . For instance, the first one stems from 
SIS 2 = llVulSi < llVulSi ^ llVuSi ^ C||Vu||Si llVuSs 


B ^ 
-^2,1 


Obviously, by integration in time and thanks to Holder’s inequality, we have 


all rl^R 2 ^ ^ O'||a|0 1 ||a|0 5 and ||a|| 3 ^CHalP 1 ||it|P 5 

" "l1(B2^H " "tUrS" "rUR§ 


S(S2^i) Ll(Bl^) 
By vertue of Young’s inequalities 

X dys 

Estimate (|60p becomes 




1/2 

and xv ^ --. 

^ 2 2 


lull 1 +<^^l|ii|| 5 +-l|vn|| 1 < 

LriBl,) LjiBl^) 2 S(B2^i) 


^^2^1 


IIVn(t^)||L°° ||ii(t^)|| 1 dt' 


^2,1 


+ (l+2«™||ao||i2) IN 


LHBl,) 


(1 + llall"^ 1 + llaollioo) + - ||ii 


|4 


4 " "lUbI,) 


+ 22 ™ ||ao|Hoo ||ii|| 1 +tI|ii|| 5 . 


which can be simplified by 

||u|| 1 +c-||a|| 5 +-||vn|| 1 < 

II Sr(BS) 2 " " - 


LliBl,) 2 " "Lj{Bl,) 

+ (1 + 2^- ||ao||i 2 ) llii 


1 + 2 / ||Va(f')||L- SS)ILi dt' 
^ 2,1 Jo B 21 


1 (1 

LiiBl,) 


U 


LriBi,) 


+ ll«o||i°o) 
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This concludes the proof of Lemma 11.31 

Continuation of the proof of existence part of Theorem \1.2[ This stems from the obvious fact : 
L°° and thus 


||Vu||loc ^ ||Vu|| 3 




Therefore, we get 

||ti|| 1 + Cb ||n| 


+77 livnii 


< 


Bh 


+ (l + 2^™ ||ao|li2) ||i^ 


1+2 \\u{t')\\ 5 \\ut{t')\\ 1 dt' 

t/0 ^2,1 

4 


^2,1 




(1 + 


\u\ 


BTiBfC 


+ ll®o||i°°) 


+ 22”^||oo||ioo ||u|| 1 . 


As a result, we get 
(61) 


U 1 + G - M 


rt 


|vn|| 

1 


L\{Bl^) 

( r)2m 

lU l|2 

u 

ll®o ||l°° 


< iKii 1 +2 r 

i) Bf, Jo 


lull 5 ||u|| 1 dt' 

" d"2 "d^ 

^2,1 -^2,1 


+ [ 11^(^011 ^ ( 2 ^™'||oo||ioo + (1 + 2 ®™ ||ao||^ 2 ) (1 + ||u||^ 1 + ||ao||ioo)'j dt' 

Jo Bl^\ L^iBlT 2 


Let eg > 0. Let us introduce the time Tq such that 

To =%up{0 ^ t ^ T* I ||u(t)|| 1 ^eo}. 

^ 2,1 

Hence, for any t ^ Tq, we have 


iuii 1 +c — ||u|| 5 + — ||vn|| 1 + 11 1 ^ 0 11 7 +2 

LriBlT 2 "lI(bI^) 2 LjiBl^) 

rt 

+ 


^ 2,1 


^0 [ lk(i')ll 5 d^' 

Jo ^2,1 

[ 11^(^011 ^ ( 2 ^™ ||ao||L°° + (1 + 2®”* ||ao|li 2 ) (1 + Cq + ll®o||i°o)) 

Jo Bf, V / 


Ch 

Choosing eg small enough, namely eg ^ Gronwall lemma implies that for any t ^ Tg, 
(62) 


\u\ 


Cb 

1 H-Hill 


+77 livn| 


< 


IKII, 


X exp ((Tg ( 2 ^™ ||ag||K + (1 + 2®™' ||ag||^ 2 ) (l + (^) + ||«o|li°o))- 
As a result, we get the a priori estima on the velocity 

(63) 


-6, ^ 


For any t ^ Tg, ||u|| 1 + ||u|| 5 H — ||Vn|| 1 ^ C'||uo|| 1 . 

LriBl,) LliBl,) 2 


-^2,1 


This concludes the proof of ([8]) : until the (small) time Tg, the solution is controlled by initial data, 
up to a multiplicative constant. This ends up the proof of the local-existence part of Theorem 11.21 

4.2. Uniqueness part. The uniqueness part has been already done in |3]. We refer the reader to it 
for more details. Let us recall some details. Let (ai,ui,Vni) and (a 2 ,U 2 ,Vn 2 ) be two solutions of 
the system ([3|), satisfying the smallness hypothesis ||a — SmO-\\ 3 ^ c and such that 

Bli 


(64) {ai,Ui,VIl^) G C([0,r],T|0 x C([0,T],il|i) n L\[Q,T],BI^) x K([0, T], T|i). 
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We define as one expects 


def 


((5o, (5it, V(in) = (02 — oi, ii2 — nij vn2 — VIIi), 


so that ((5a, (iu, VJn) solves the following system 


(65) 


dtSa + U2- V5o 

dt 6 u + U2 ■ V 6 u — (1 + 02) (—VJn —|-A 5 tt) 
div du 
{6a,6u)it=o 


We prove that such solution of this system satisifies 


—6u ■ Vai 

—6u ■ Vui + 6a{Aui — VIIi) 
0 

( 0 , 0 ). 


(66) (5a,,5a,V(5n) G, C([0,r],B|,) x Ci%T],B^J) n L\[0,T],BI,) x L\[0,nB^^ 


Remark 4.1. Notice that, owing to the presence of a transport equation, we loose one derivative in 
the estimate involving 6a. 


5. Proof of the global wellposedness part of the main theorem 

This section is devoted to the proof of Theorem 11.41 which provides the global property of the main 
Theorem 11.11 


(67) 


dtp + u- Vp = 0 

p{dtu + u ■ Va) — Art + VII = 0 

div u =0 

(P,^^)|i=0 = {po,uo)- 


In a sake of simplicity, we skip the regularisation process (Friedrich methods) and we only present the 
a priori estimates for smooth enough solution {p,u), which provide the existence part of Theorem 11.41 
Concerning the uniqueness part, we refer the reader to the paper of M. Paicu, P. Zhang and Z. Zhang 
(see m)- We underline that Lagragian coordinates are necessary to prove the uniqueness, owing to 
the very low regularity hypothesis on the density ( which is only supposed to be bounded from above 
and from below). Let us proceed firstly to an L^-energy estimate, which leads to the result on Bq. 
Then we will get estimate on Bi, thanks to an R^-energy estimate. 

• Proof of (|12j) . Taking the inner product of momentum equation with u in the system (|67j) . we 
get : 

( p{dtu + u ■ Vtt) I R )^2 “ ( Au I )^2 +0 = 0. 

We check that ( p{dtu + u ■ Vn) | u) 

This stems from the computations below 


1 


(/3(5tu + a • Va) I a )^2 = 77 / pdt\u\‘^ dx + - / p u-'V\u\'^ dx 


T3 


2 

1 d 

2 dt 


T3 


'T3 


p \u\ 


2 Jjs 


dtp |ap dx + 


u 

2 JfS 


p u- V|ap dx. 


However, / /?a-V|ap = — / {u-'Vp)\uf. Therefore, the transport equation yields 

JT3 Jt3 


{p{dtu + u • Va),a )^2 = 


1 d r 

2 dt Jj3 

1 d r 


p\u\ 


u 

2 


{dtp + u- Vp) |a| 
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Finally, an integration in time provides the desired estimate 

(68) l\\VPu{t)\\l, + ||Vu(t')|li2 dt' = \\\^oUo\\l 2 . 

This concludes the proof of (jl2[) . Now let us proceed to the proof of (ILSjl . 

• Proof of (I13p . The idea is the same as the previous one : we take the inner product of momentum 
equation with dtu in the system (1671) . we get : 

[y/pdtu\y/pdtu)^2 + {y/pu-Vu\^dtu)^.2 + ^ ^Il^'“(^)lli2 =0> 

which leads to 

\ ^l|Vu(t)||i 2 + \\^/pdtu{t )\\\2 ^ W^U ■ Vu(t)||i ,2 \\y/^dtu{t)\\L 2 

^ \\yfpu{t)\\L^ ||Vu(t)||i3 \\yfpdtu{t)\\L2 

Applying Proposition 12.51 on the term ||tt(t)||i;,6 and Proposition 12.31 on the term ||Vtt(t)||£3 gives rise 
to 

. , i 4l|Vn(t)||i2 + \\^pdtu{t)\\l, ^ C{po) ||Vu(t)|U 2 \\Vu{t)\\l, WVMmh \\Vpdtu{t)h 2 

(70) ^ 

< c{po) \\vuit)\\% wvMmh \\VpdMt)h2. 

Then, Young inequality yields 

(71) “l|V«(«)lli2 + <ic(p„)||Vu(()||i,||V\(()||i,. 

We have to estimate the term ||V^n||^ 2 . Applying the L^-norm in the momentum equation, we get 

WvMmL^ + Iivn(t)||i2 ^ ||p(t)||i^ [\\^dtuit)h2 + |IVp«(t)||L6||Vub3). 

Once again, by vertue of Proposition 12.51 and Gagliardo-Niremberg inequality, one has 

\\vMl^ + Iivn||i2 ^ c{po) [\\y/^dtu{t)\\L 2 + ||Vu(t)||i2 \\Vu{t)\\l, wvMmh). 

Young inequality implies 

(72) ^||vVi)llL= + l|vn||^2 ^ Cipo) \\^dtuit)\\L2 + i ||Vu(t)||i2. 

Plugging Inequality ([72]) in dn]) and applying Young inequality gives 

^ |l|Vix(t)lli2 + IwVpdMmh ^ cipo) \\Vuit)\\% + \\\VpdMt)\\l,. 

As a result, we have : 

(74) I + jllV?8.“(<)ll!> < Cto) ||Vu(i)||«,. 

We sum ([7^ and ([72]l and we get : 

+ jll^ 8 .“(*)lly + l|V=u(i)|li. + ||vn(()||J. 5 :C(p„){||Vu(()||«, 

+ gll%/?8.«(*)lli2+ l|Va(i)||S,.)^ 
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Finally, we have by integration in time 
(75) 

^ \\Vpdtu{t')\\l, + \\vMt')\\h + I|vn(t')|li2) dt' ^ i Iivnolli^ 

+ C{po) f\\Vu{t')\\%dt\ 

Jo 


Let us focus for a while on the term / ||Vu(t ^)||®2 dt'. It seems clear that 

Jo 

j\\Vu{t')\\l,dt'^ l|Vu||ic„(i 2 ) j\\Vu{t')\\l,dt\ 
which leads to, by vertue of (ll.Sp and definition of Bi 


\\\/u{t')\\l2dt' ^ \\uo\\'l2 


Finally, we get 


Bi{t) ^ ^ ||Vuo||i2 + C{po) \\uo\\l2 Bl{t). 

As long as the smallness condition on uq is satisfied, we obtain Estimate (fT^ . which conclude the proof 
of this estimate. 

• Proof of (jl4p . Firstly, we derive the momentum equations, with respect to the time t. Then, we take 
the inner product with dtu. 


The derivated momentum equation is given by the following formula : 

{pduu\dtu) ^2 - {J^dtu\dtu)^2 = -{dtp {dtu + u-V u) \ dtu) - {pdtu-Vu\dtu)^2 

- {pu- Vdtu\dtu)j^ 2 - 

By hypothesis on the density, the left-hand side can be bounded from below by : 

y dtu\\l2 ^ \\dtu\\l2 - {p dtu-Vu\dtu)^2 - {p u-Vdtu\dtu )^2 

- ( dtp dtu\dtu)j ^2 - ( dtp u-Vu) \ dtu)^^- 

Let us point out that {p u- S/dtU \ dtu)j ^2 is in fact nul, by vertue of the divergence free condition. 
Taking the modulus, applying triangular inequality and finally, using the mass equation on the density: 


m d , 


12 )+ ||V5tu||^2 < y ||<9tu||^2 + l_ p{dtu-Vu)dtu 


T3 


dx 


(76) 


-I- ( div(/9u) I ((9tu)^ )^2 + { div{pu)u-Vu)\dtu) 


!l'2 


6 

^ dk{t)i 
k=l 







WELLPOSEDNESS FOR DENSITY-DEPENDENT INCOMPRESSIBLE VISCOUS FLUIDS ON THE TORUS 21 


with 


/iW = y 


(77) 


l 2 dx, 

h{t) = P {dtu ■ Vu) dtu 

/ 3 (t) = 2 / puV{dtu)dtu 
Jt3 


dx, 


dx, 


hit) = 

hit) = 

hit) = 


/T3 


'T3 


/T3 


p iiu ■ Vtt) • Vu) ■ dtu 
p iiu (g) u) : V^)it • dfU 
p iu-Vu) • (ix • V((9tM)) 


dx, 
dx, 
dx. 


As far as hit) is concerned, firstly we apply Holder’s inequality and we get 
(78) 


hit) = J \p idtu ■ Vu) dtu\ dx 


^ M \\dtuit)\\L2 \\dtuit)\\L6 ||Vu(t)||i3. 

Once again, classical Sobolev embedding can not be applied directly to the term \\dtuit)\\j^6. We shall 

consider the term dtuit) and adapt Lemma 12.41 Firstly, notice that / pit, x) dtuit, x) dx = 0, due 

Jt3 

to an integration of the momentum equation in (1671) 1. Hence, the average method gives rise to the 
following computation 

/ ipit,x) — pit)) idtuit,x) — dtuit)) dx = / pit,x)dtuit,x) dx — pit)dtuit). 

7t3 Jt3 


By vertue of remarks 11.11 and 11.31 one has 

1 


\dtuit)\ ^ —\\po-pQ\\Lh\huit)-dtuit)\h2, 
po 


which gives, thanks to Poincare-Wirtinger 


1 


dtuit)\ ^ — IIpo - 7'o||l 2 ||V(9tu(f)||i2. 

Po 


Therefore, we deduce from the above computation that 


WdtuihWie ^ \\dtuit) - dtuiblhe + I dtuihl ^ C'(po) ||V(9trt(f)||i2. 
Thanks to Gagliardo-Niremberg and Young inequalities, we infer that 


(79) 


hit) ^ cipo) \\dtuit)\\L2 \\vdtuit)h2 wvuimiwvMmh 

^ Cipo) \\dtuit)\\l 2 ||Vu(f)||i 2 ||V\(t)||i 2 + ^\\Vdtuit)\\l 2 


^Cipo) \\dtuit)\\l 2 {\\Vuit)\\l 2 + \\VMt)\\l 2 ) + \\\Vdtuit)\\l 2 . 
Concerning estimate of hit), we get 

hit) = [ p uVidtuit)) dtuit) dx 

.Jt3 

^ M \\udtu\\L 2 \\Vdtu\\L 2 
^ M \\u\\l 3 \\dtu\\L6 \\Vdtu\\L2. 


( 80 ) 
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Applying the average method for ||(9ttt(t)||2,6 and ||M(t)||L3! we infer that 


(81) 


h{t) ^ C{po) ||u(t)||i3 \\Vdtu{t)\\l2 

^c(po) l|Vn(t)||i2 \\vdMt)\\l2. 


Concerning l 4 {t), I^{t), and Ie{t), previous computations hold (applying Proposition 12.51 and Young 
inequality) : 


(82) 


/T3 


hit) = / pHu-Vu) ■'Vu) ■ dtu 


dx 


^ M h(t)||L6 ||Vn(t)||^6 \\dtu{t)\\L 2 

^C(po) ||Vn(t)|U2 \\vMt)\\l2\\dtnit)U2 


^\cipo)[\\vuit)\\i2 + wvMmh) {w^Mmh + wdMmi^). 


(83) 



p {{u ® u) : V^)m • dtu 


dx 


^ M \\u^ dtu{t)\\L2 ||V^'u(t)||i2 
^ C'(po) \\uit)\\l6 \\Vdtuit)\\L 2 \\V'^uit)\\L 2 
^Cipo) ||Vu(t)||i, \\Vdtuit)h 2 \\vML^ 

^ c{po) iivn(t)iii. wvMmh + \\muit)\\h 


Similar computation holds for the last term I^it). 

hit) = I p (rt-Vrt) • (tt • V((9ttt)) 
Jt3 


dx 


(84) 


\\u^Vuit)\\L2\\Vdtuit)\\L2 

^ cipo) \\vuit)\\i2 wvMmh + I\muit)\\i2. 


Let us keep on the proof. Plugging these above estimates into the (|76l) gives rise to 


(85) 

+ \muit)\\l2 ^ ^\\dtuit)\\l2 +Cipo) \\dtuit)\\l2 {\\Vuit)\\l2 + ||VVi)lli2) 

+ \\\Vdtuit)\\l 2 + C(po) \\^uit)h 2 \\Vdtuit)\\l 2 

+cipo){\\vuit)\\i2 + wvMmh) + wdtuimi^) 

+ 2C(po) ||Vu(t)||i. wvMmh + ^\\Vdtuit)\\l2, 

so that 

y ^(Il'^t^Wllia) + \\\'^dtuit)\\l2 ^ j\\dtuit)\\l2 + C(po) ||Vu(t)||i2 \\Vdtuit)\\l2 

+ 2Cipo) \\vuit)\\i2 WvMmh 

+ c(po)(iivix(t)iii. + wvMmh) (iivMt)iii2 + \\dtuit)\\i2). 
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By integration in time, we have : 

y \\dtu{t)\\l 2 +^ \\Vdtu{t')\\l 2 dt' ^ \\uo\\h 2 + y \\dtu{t')\\l 2 dt' 


( 86 ) 


+ C(po) / \\Vu{t')h2\\VdMt')\\l2dt' 

Jo 

+ C{po) f \\Vu{t')\\\ 2 \\vMt')\\l 2 dt' 


+ 

rt 


c{po) ^ (||Vn(t')lli2 + \NMt')\\l 2 ) {\NMt')\\h + \\dtuit')\\h)dt'. 
Concerning the term f \\Vu{t ')\\]^2 \\Vdtu{t')\\‘j ^2 dt' 

Jo 

f \\Vu{t')h 2 \mu{t')\\hdt' ^ l|Vixhop(^.) f \\VdMt')\\h dt', 

Jo Jo 

which becomes, by vertue of Theorem II■4[ 

f \\Vuit')h 2 \\Vdtuit')\\l 2 dt'^C\\Vuoh 2 f \\Vdtu{t')\\l 2 dt'. 

Jo Jo 


Same argument combining with Theorem 11.41 gives rise to 


f \\Vu{t')\\l 2 \\VMt')\\l 2 dt'^C\\Vuo\\l 2 . 
Jo 


As a result. Inequation (I86p can be rewritten as follows ( providing we choose ||Vuo||i ;,2 small enough) 

ft 


(87) 


f l|V8,K(t')||i,dt'< ||uolli,2 + y llVuolli. + lIVKolli, 


+ 


+ Iiv^u(t0lli2j [WvMt'nh + \\dMt')\\l2) dt'. 

Moreover, the momentum equation given by 

—Art + Vn = — p [dtu + u ■ Vrt), 

which along with the classical estimates on the Stokes system, ensures that 

||v 2 u(t )||^3 + ||vn(t)||^2 ^ c (\\dMt)\\L2 + \\Vu{t)\\l\\vMmi2 


1 


\\dMt)\\L^ + \\Vu{t)\\i2+-\\VMt)h2 


So that, we get 
( 88 ) 


\vMt)\\L^+ Iivn(t)||i2 < ||5iu(t)||i2+ ||Vu(t)||i.. 


By vertue of Theorem 11.41 we obtain 


(89) 


tG[o,r] 


1 


sup (it ||V2 u(t)||i2 + \\VU{t)\\l 2 ) < sup {\\dtu{t)\\l 2 ) + \\Vuo\\l 2 . 


tG[o,r] 


Remark 5.1. Let us point out that searching an estimate of ||u||j ;^2 (jys) is a natural idea here since 
the initial velocity uq belongs to the space . But actually, it is not relevant. Indeed, to perform it, 
we shall use the theory of Stokes problems. We shall begin derivating the momentum equation with 
respect to the space, and then, we shall take the Lf norm. But, such an approach is doomed to fail, 
because requires an estimate on sup ||V/ 3 ||i:oo, which is not our case here, since the density function 

te[o,r] 

only belongs to L°°{[0,T] x T^). 
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• Vtt = 0. 


Once again, the momentum equation gives 

—Au + Vn = — p{dtu + u ■ Vu). 

We take the L®-norm and use the fact that \\u ■ ^ C ||V(u • Vtt(t))||i 2 since u 

l|V^M(t)||L6 + ||V2p(t)||i6 ^ \\p{dtu + u-Vu)\\l6 

^ C{po) ( \\VdMt)\\L^ + ||(Vu(t))2||i2 + \\u{t){V\m\L^) 

^ c{po) ( \\vdtu{t)h 2 + ||Vu(t)||i3 \\vMt)\\L^ + II^^WIIls \\^Mt)\\L 
Applying Proposition 12.61 to the term ||Vu(t)||^3, we get 

IIvVOIIls + ||vVt)||,. 6 < \\vdtu{t)h^ +\\vu{t)\\i,\\vMt)\\l2 + ||v«(t)||^2||vMt)llL6. 

By integration in time : 

r \\vMt')\\l.dt' + f \\VMt')\\ledt'< f \\S/dtu{t')\\l,dt' + f \\Vu{t')U 2 \\vMt')\\hdi 
Jo Jo Jo Jo 

hand, Theorem 11.41 provides ||< l|V^o|li 2 , which implies that 

I|Vu||L(Z. 2 ) ri|vVOIIiadt'^l|Vuo||i 2 f \\vMt')\\le dt'. 

^ Jo Jo 

the other hand, applying Estimates (1121) and (|13p of Theorem ll.4[ to the term 

f \\vuit')h 2 \\vMt')\\hdt', 


On the one 


On 


leads to 

r \\Vuit')\\L2\\VMt')\\hdt' = f \\Vu{t')\\L2\\vMt')\\L^ WVMtlWhdt' 

Jo Jo 

^ sup {\\V^u{t)\\l2) ( f ||Vu(t')|li2dt')' ( / 
ie[o,T] ^Jo ' ^Jo 


^ sup 

ie[o,T] vu 

< ||uo||l 2 ||Vuo||l 2 sup (||V\(t)||^2) 
tG[o,r] 

As a result, if ||Vrto||L2 is small enough, we have : 

^ [ \\^^u{t')\\ledt' + f 

(90) " 


ivMt'nh 


Summing (I90p with (1891) and (|87p . we recognize B 2 (T) and we get 
B2{T)<j\\Vuo\\h+ \\Vuo\\% +\\uofH2 


+ 


'^U{t')\\l 6 dt'< ||uo||l2 ||Vuo||l 2 sup {\\V'^u{t)\\l2) 

t&[0,T] 

f \\Vd,u{t')\\l2dt'. 

Jo 


r(l|vu(Olli 2 + 

V^u(t') 12) dt' ( sup 

l|V^u(t)|||2 + sup \\dtu{t)\\l2) 

Jo ^ 

^ He[ 0 ,T] 

iG[ 0 ,T] ^ 


f \\Vdtu{t')\\l2dt' +\\uo\\l2\\Vuo\\l2 sup (||V2ix(t)|||2) 
Jo ie[o,r] 
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The smallness condition on ||iio||j ;,2 ||Vi/o||l 2 implies 
B2{T)<j\\Vuo\\1,+ ||Vno||i.+ ||no||^2 

+ 7 / (u{t')\\l 2 + \\V^u{t')\\l 2 )dt'( sup \\V^u{t)\\l 2 + sup \\dtu{t)\\l 2 ). 

4 Jo ^ ^ Te[o,r] t£[o,T] ^ 

Now, we apply Gronwall lemma, and we have : 

(91) i? 2 (T)<(|||VRo|li 2 + ||Vuo||i 2 + WnoWj,.) exp V«( 0 lli 2 dt' + HVVOlli^ dt'). 
Once again Theorem 11.41 gives the expected estimate in the exponential term. Finally, we get 

(92) i? 2 (r)<(l+ ||ro||^ 2 )||ro ||^2 exp(||uo||i 2 + ||Vuo||i 2 ). 

This concludes the proof of[ITl Up to the regularization procedure of Friedrich, we have proved the 
global existence of solution of [671 with data (pq,uq) satisfiying hypothesis of Theorem 11.41 


6. Appendix 


Lemma 6.1. (Gronwall’s Lemma) 

Let f and g be two positive functions satisfying 7 -w/^(i) ^ /(^)5(^)- Then, we have 

A ClL 

fit) ^ /(O) + / 9it')dt'. 

Jo 

cl©f /*^ 

Proof. We introduce the function H{t) = 2 / f{t')g{t')dt'. As defined, we get immediately 

Jo 

(93) H'{t) = 2f{t)g{t) and f{t) - f{0) ^ H{t). 

This implies that for any e > 0, 

fit) ^ ^Hit) + Pi0)+s^. 

Moreover, we have in particular Hfi) ^ 2 pHit) + P{0) + git) and thus 

d 


dt 


V^it) + / 2 ( 0 ) +£2 ^ git). 


By integration in time, we have 

\/WitY+~fPffj~+~P ^ \/dJ(0) + /^(O) + + f git') dt'. 

Jo 

Finally, we have for any e > 0, 

fit) ^ \//^(0) +6^ + [ git')dt', 

Jo 

which proves the result. 


□ 


Lemma 6.2. The following properties hold 

(1) Sobolev embedding: if pi ^ P 2 and ri ^ r 2 , then 


D5 


D ^P1 P2' 

Dt) 


■*P2,r2 


(2) Product laws in Besov spaces: let 1 ^ r,p,pi,p 2 ^ + 00 . 
If si,S 2 < ^ and si + S 2 + A^ min( 0,1 — |) > 0 , then 


uv 


B. 


, N ^ C U rSI 

'l+» 2 -- 5 - " "Bpr 


R®2 . 

' ^p,oo 
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(3) Another product law: if |s| < then 


\uv\\b’> ^ C ||w|| Rs llt'll N 

I I I -‘-^n r ^ II II -*-'n r' I I II -rr- 


Bp%nL° 


(4) Algebric properties: for s > 0, Bp^oo H L°° is an algebra. Moreover, for any p G [1, +oo, then 




Bp%nL°°. 


Lemma 6.3. Let C a ring of A constant C exists so that for any positive real number any 
non-negative integer k, the following hold 

If SuppucXC, then C~^~^ ^ sup ||9“M||i;,a ^ ||u||ro. 

Lemma 6.4. 

(94) ^ ^ II [^IJ) <5™,!!] ^'^||r 1(R2) ^ C* ^2 ||a||^tx3(-£^oo) ||li|| 3 + 2 ||^l||LJj“(L2) 

Proof. By vertue of Bony’s decomposition, the commutator may be decomposed into 
[Aq,Sma] = Ag{SmaVu) - SmaAqVu 

= Aq{Ts^oAfu) + Aq{Ts/uSma) + AqR{Sma, Vu) 

- Ts^aAqVu - T/^^v/uSma - R{Sma , AqVu) 

= [A^jTs^a] Vu + Aq{Tv/uSma) + AqR{Sma, Vu) - 

where T'J) Tab + R{a,b). Let us analyse each term in the right-hand-side. Firstly, we decompose 
the first commutator term into 

TSmo] Vu = Aq{Ts^a Vu) - Ts^aAqVu 

= Ag( ^ Sq'_iSmaAq'\/v^ - ^ Sq'^iS^a Ay AqVU 

|g-q'|<4 k-g'|<4 

= ^ [Aq,Sy-iSma] AyVu. 


(95) 


(96) 


k-'?'K4 


Now, let us focus on the commutator term [Ag, Sy-iSmCi ] Ag/Vu. We shall use definiton of Littlewood- 
Paley theory. 

l^Ag, 5'g'_l5*j7l Cl ] Ag/Vu A g ^ S^g/_ ^ O A g/V U^ 5'g'_ ^ 5"^ Cl A g A g/V U 

= ¥^(2-" \D\) Sy.iSma Aq,Vu - Sy.^S^ay>{2-^\D\) AyVu. 


(97) 


In particular, writting h *11:^ jr ^(^(|-1), we get 


ip{2 ‘^\D\)Sy-iSmaAyVu{x)'^= I 2‘^'^h{2'^y)Sy-iSma{x-y)AyVu{x-y)dy 


(98) 


/T3 


= / h{z) Sqi-iSma{x — 2 z) AyVu{x — 2 '^z)dz. 

Likewise, we have 

S'g'_iS'ma<y 9 ( 2 “'?|iA|) Ag/Vu(x) =^S'g'_iS'ma(x) [ 2^^^ h{2'iy) AyVu{x - y)dy 

= / Sy-iSmO,{x) h{z) AyVu{x — 2~‘^z) dz. 

Jts 


( 99 ) 
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/T3 



/T3 JO 

= -2-3 


Therefore, applying the first-order Taylor’s formula, we get, for any x G T^, 

( 100 ) 

[Aq, 5q'_i5mo] Ag/Vu(x) = h{z) [Sg'-iSma{x — 2~'^z) — Sgi-iSma{x)] Ag'Vu{x — z) dz 

h{z) 2~^z ■ VSgi^iSmO,{x — 2-3 2 1) AgiVu{x — 2~‘^z) dz dt 

f f 2^^ h{2^y)y-VSgi-iSma{x — yt) AgiVu{x — y) dz dt. 
dT3 Jo 

Therefore, we infer that, for any x G T^, 

II [A„ Sg,_iSma] Ag,Vu||i 2 ^ ||V5g._i5™a||Loo 2-3 [ 23^^ (23y) h{2'^y) Ag.Vu(- -y) dz 

Jt3 

Applying Young’s inequality (L^ * = L^), we infer that 

(101) II [Ag,Sgf_iSma] AgfVu\\L 2 ^ (7 ||V5g/_iS'ma||i,oo 2-3 ||Ag/Vn||^ 2 - 

Obviously, we have 

II V»Sq./_l*S’y72R||L°° ^ 11^*7772^11/^00 ^ 2 ||(r||/^oo. 

Finally, we get 

II Sg'-iSma] AgiVu\\i2 ^ C 2-3 2™ ||a||Loo \\Ag/Vu\\i2, 

and thus. 


1,2 


( 102 ) 


[Ag,r5^a] V'u||/^2 < C ^ 2 3 2™ llallioo ||Aq/Vu||/;,2. 

|g-g'|^4 


As a consequence, we have 

.39 


(103) 


2^ II [A„ Ts^J Vu||i2 ^ 2^2-3 2"*||a||Loo2^2T ||A,,Vu||i2 

k-<?'|sS4 


^C2™||a||Loc 2^ 2^ ||Ag*Vu||i2. 

|g-g'|s£4 

By definition of the Besov norm, there exists a serie {cgi)g^z belonging to ^^(Z) such that 


2 2 ||Ag*VM||/;,2 ^ Ccg/||Vu|| 1 

B. 


1 . 

2,1 


And thus, 
(104) 


.39 


2^||[A„r5^72]Vu||i2^C2™||a||L»||Vu|| i ^ 2^ 


2 Cqi. 


We notice, by vertue of Young’s inequality, that the term 2'^ 2 ’ Cg/ belongs to ^^(Z). Indeed, let 

|g-g'|s:4 

ci0f X—^ 

us define dg = y 2~^ Cgi. Thanks to Young’s inequality, we get 
|g-g'|s£4 
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Finally, we get 
(105) 


^2^ II [A„T5^„] Vu||^2 ^ C2-||a||L.. ||V«|| i 

^2,1 ^ 

^ C2^ ||a||Lco ||Vu|| 1 . 


^2,1 


By integration in time, we infer that 

3q 


(106) 


^2 2 II [Aq,Ts^a] V^IIlJ(-J-^) ^ C2"^ ||o||j,^(x,oo) ||V«|| 1 . 


LUBli) 


This gives the first term in the Lemma. The second term will stem from remainder terms in the Bony’s 
decomposition. More precisely, concerning the term ^^ 2 “ 2 ' AgT^uSmO,\\]^i(^]^ 2 j, we have by definition 


^2^ ||A,Tv„5™a|Li(^2) llTv.S^all 3 . 

gGZ ®2,l 


By vertue of Theorem 2.82 in the book [5], we have 
(107) 


||7vii5'ma|| 3 ^C'||Vrx|| _i \\Sma\\Q2 . 

BJ, 

2,1 00,2 


Moreover, Bernstein result implies the following embedding B 2 2 ^ ^00 2 - Therefore, we have 


(108) 


||Tvu«S'ma|| 3 ^ C* II Vu||_Qi -jyi ||Sma||g2 . 


B4 


2 , 2 - 


-' 2,2 


Applying PoincarAWirtinger to ||Vtt||j:^i, (since the average of Vu is nul), we infer that the norms 
||Vri||/^i and ||Vu||j:^i are equivalent and thus 

(109) ||Tv«'S'mo|| 3 ^ C ||m ||^2 ll^mallsa . 


ba 


On the other hand, it seems obvious that ^ || 5 'ma ||52 ^ ||S'ma||^ 2 - As a result 


-" 2,2 


( 110 ) 


llTyu^mall 3 ^ C 2 ||t (||^2 || 5 'ma||j:j 2 


-^2,1 


Finally, by integration in time and by definition of SmO-, we get 

del „ 52 


(111) ||Tvu<S'mffl|| 3 — ^^2 2 IIAqTvu«S'mo||i:,i(i:,2) ^ C*2^"* ||u||^i^^2) ||®||i,j'°(l2)- 


■ ^ 3^ 

The estimate on the term ^^2“^ \\AqR{Sma, ^^)IIl 1 (L 2 ) is close to the previous one, by vertue of 

q& 

Theorem page 2.85 in [5]. We recall it below. 


Remind: If si and S 2 are two real numbers, sueh that si + S 2 > 0, then 
||i?(n,r;)|| .1+S2 ^ 0(51,82) IImII^u HuUb's , 

'"tSr^.T "-^P2>’'2 


Therefore, we have 

3q 


1 del 11 ,1 del 1 1 

— =- 1 - and — = - 1 - 

p Pi P2 r ri r2 


(112) ^2^ ||A,P(5,„a, Vu)||^i(^ 2 ) ||P(5,,a, Vu)|| 3 ^02^- ||u||m(^ 2 ) ||a|k^^(z, 2 ). 


E oq 11 / 

2 2 ||r^^vM‘S'mo||ii(i:, 2 ), we write the definition. Indeed, 

q&, 

TA^Vu'S’mO ^ Sqi+2^q'^uAq:Sma. 


q'^q-2 
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Therefore, we get 


\'^Aq'Vu^mO-\\L 2 ^ C ||AqVn||i;,oo ||Aq/S'„ 


T||l2 


q’^q-2 
3q 


(113) 


^ \\TAg\/uSma\\L2 ^ C2 ^ ^ 2 "^ 2 2 IIA^VuIIlcx, 2 2^'^'||Ag/5ma||L2 

q'^q-2 

^ 22(''-''')2-2 ||AqVn||Loc229'||Ag.S^a||i 2 

q'^q-2 

By definition of the Besov norm, there exists a sequence Cq' belonging to ^^(Z) such that 

2^9' ||A,,5^a|| L2 ^ Ccq> WSmaWs^^- 

As a result, by summation on q, we infer that 

^^2 2 llT^^y^Small^.a ^ C ^ 2 2 II AqVttllioo dq, ^ ^ , 


(114) 


qeZ 


qGl. 


where the sequence dq stems from convolution product: dq = E 2^^'^ Cq!. As defined, it is clear 

q'^q-2 

that, by vertue of Young’s inequality, ||dq||^ 2 ( 2 ) ^ C. Finally, Cauchy-Schwarz inequality yields 
(115) E2^ W'^Aq’Vu^mO^WL^ ^ C'||Vu||^_l IlSmOllsl^, 


Once again, the Bernstein’s embedding i ?2 2 ^ ^00 21 combining with an integration in time gives 

3g 11 ^/ 

V7.. >brr) Cl 11 r 1 ('r 2^ ^ 0 11 Cl 11 r 00 / ^ ^ ^ 


(116) 


E 3g / 

2^ II^A,jVM'S'ma|lLl(L2) ^ C ||5'ma||j;^^(B2 ||Vt(||^l(gl 


Therefore, 

(117) 


X]2 2 ||r^^V«'S'ma||Ll(L2) ^ C'2^”^||a||j;^cx.(q^2) ||«||q;^l(-qj2) 


Conclusion Summing estimates (jl06h . (Illip . (|112h . and (|117p completes the proof of the Lemma. □ 
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